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ABSTRACT: Flow and point-solute diffusion through random distributions of rods and model rod assem-
blages with small volume fraction is considered. The effect of steric interactions on the rod orientation
distribution in the assemblages is calculated. The method of averaged equations is used to calculate the
effective diffusion coefficient and the flow permeability in both distributions of rods and rod assemblages.
We discuss the application to biopolymer aggregates, particularly proteoglycans, and consider dependence

on polymer concentration and the effect of aggregation.

1. Introduction

As a model for transport in biopolymer solutions, we
consider flow and diffusion in random distributions of
rods and rod assemblages with small volume fraction.

Long-chain, highly charged polyions have an impor-
tant effect on the physicochemical properties of connec-
tive tissue, which are reviewed by Grodzinsky.! The poly-
ions influence the diffusion of both small ions and larger
solutes and resist the flow of water, enhancing the tis-
sue’s ability to withstand rapid deformation. The fixed
charges on the polymers produce a large swelling pres-
sure, giving tissues such as cartilage a load-bearing abil-
ity, and cause electrokinetic phenomena such as elec-
troosmosis and streaming potentials, in which electric fields
and ion fluxes are coupled to pressure gradients and sol-
vent flow.

* Author to whom correspondence should be addressed.
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The glycosaminoglycans (GAGs) are an important com-
ponent of connective tissue, often occurring in aggre-
gates known as proteoglycans (PGs). There are two stages
of aggregation: first, GAG side chains (chondroitin sul-
fate and keratan sulfate) are attached to a core protein
to form a “PG monomer”, and second, PG monomers are
bound to a hyaluronate molecule to form a PG aggre-
gate. The PG aggregate has a complicated branched struc-
ture (see Figure 1) and can contain up to 40 000 GAG
side chains. Although the function of PGs is not well
understood, the resulting inhomogeneity in the GAG con-
centration has a potentially large effect on the proper-
ties of the tissue. For example, the large variation of the
viscosity of PG solutions with the proportion of mono-
mers aggregated has been measured experimentally.?

In this study the GAG side chains are idealized as cyl-
inders. Several workers have used the ad hoc rod-in-cell
model to investigate flow®* and point-solute diffusion®

© 1990 American Chemical Society
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Figure 2. Model of a rod assemblage.

in random distributions of circular cylinders. Averaged
transport properties in random distributions of obsta-
cles can be obtained rigorously by the method of aver-
aged equations, reviewed by Hinch.® This has been applied
to flow’ and diffusion® in distributions of aligned or iso-
tropically oriented cylinders with small volume fraction
and to small-ion diffusion parallel to aligned cylinders.?
The nonlinear interaction between flow and diffusion has
also been considered;'° as discussed in section 5, this inter-
action is negligible in typical biopolymer solutions.
Here, we use averaged equations to calculate flow and
diffusion in random distributions of uncharged cylin-
ders with small volume fraction. The effect of aggrega-
tion is investigated by comparison with a random distri-
bution of simple assemblages of cylinders. We describe
these as assemblages rather than aggregates because the
results are applied to both levels of aggregation in a PG
solution, with the assemblages representing either PG
monomers or PG aggregates. The model assemblage is
shown in Figure 2. The side rods, cylinders of length /,
are attached by one end to the core, represented by a
straight line, with attachment points randomly distrib-
uted with uniform number density n. We consider cyl-
inders with arbitrary convex cross section, restricting atten-
tion to circular cylinders in sections 3 and 4. For non-
circular cylinders whose cross section has perimeter s,
we define an equivalent radius » = s/2=. In section 2 we
calculate the leading-order effect on the side-rod orien-
tation distribution due to steric interactions between side
rods. In section 3 we determine the effective diffusivity
of a point solute in a random distribution of cylinders
and in a random distribution of assemblages with small
volume fractions. The flow resistance in a random dis-
tribution of fixed cylinders and a random distribution of
fixed assemblages is calculated in section 4. The results
show the effect of aggregation on the diffusion of small
ions and larger solutes and on flow resistance. The appli-
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Figure 3. Defining diagram for side-rod calculation.

cation to PG solutions is discussed in section 5.

2, Cylinder Orientation Distribution

In this section, we calculate the leading-order correc-
tion to the cylinder orientation distribution due to steric
interactions between cylinders, i.e. due to the constraint
that cylinders do not intersect, when the cylinders have
arbitrary convex cross section. Consider an ensemble of
realizations of the assemblage with the cylinders distrib-
uted independently, with a uniform number density of
attachments and isotropic orientation distribution, and
remove all realizations in which cylinders intersect. We
seek the orientation distribution in the remaining real-
izations. Note that in this section we do not assume that
the cylinders are circular, only that they have convex cross
section.

Denoting the direction of a cylinder axis by the unit
vector m, the orientation probability density function
go(m) in the absence of interactions is

go(m) =1 (1

where orientation space has total measure unity. We cal-
culate the leading-order correction to (1) due to pair inter-
actions between cylinders assuming the effect of steric
interactions is small. (This is so provided the parame-
ter 6 defined by (7) below is small.) Define the proba-
bility density function g(m|x’,m’) for the orientation m
of a cylinder, given that there is another cylinder whose
attachment point has displacement x’ and whose axis is
parallel to m’ (see Figure 3). Then the leading-order cor-
rection to g, is

g,(m) = nf flq(m|x’,m’) -1} dx’ dm’ 2)

Since there is no steric interaction between cylinders with
attachment points more than 2/ apart, the integrand is
zero for {x'| > 21,

Define x(m|x’,m’) to be 1 when the cylinders intersect
and 0 otherwise. For convex bodies x is the Euler char-
acteristic of the intersection. The probability f(x’,m’) that
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a cylinder with isotropic orientation distribution inter-
sects a second cylinder with position and orientation
(x’,m’) is

f'm) = § x(mlx'm') dm (3)
Since the integral of ¢(m|x’,m’) with respect to m is unity

1 - x(mlx’,m’)
’ 7Y =

qmly'sm) =~ @)
Consider cylinders of length ! and convex cross sec-
tion with perimeter s << [. To leading order, intersect-
ing configurations of cylinders where the angle between
the axes is of order si™! can be ignored. The measure of
the remaining intersecting configurations is propor-
tional to the width of the cross section averaged over ori-
entations of the cross section. Since the cross section is
convex the mean width is'! s/x. Provided s(x’|& X m’})™!
is small, the probability of intersection, f, is also small.
Substituting (4) into (2) and using the fact that f is small
over most of the range of integration and the relation-

ship x(ml|x’,m") = x(-m’|x’,-m) give

gi(m) = @~ n [ f(x',m) dx’ + O(nslg X m[™) (5

as ns|& X m|! — 0, where Q is to be chosen so that g,
integrates to zero. A leading-order calculation for f gives

nsln (s ( ns )
+ 0| = 6
% X m| X X m| ®

as ns|& X m|™?, s/™? — 0. Define the dimensionless param-
eter

n f f(';-m) dv’ =

8 =nsln (s (7)
From (5) and (6) the perturbed cylinder orientation dis-
tribution is

gm) =1+ i(1

2 2  ns

2 7r|)‘(><m|) +0(6 ’|iXm|) ®
as 8, ns|& X m|™, si™! — 0. The correction term in (8)
becomes large when m is nearly parallel to the core, i.e.
when |& X m| is small, but the singularity is integrable.
The parameter ¢ expresses the strength of steric inter-
actions: the orientation distribution is nearly isotropic if
6 « 1 but favors orientations perpendicular to the core
for larger 6.

3. Diffusion

3.1. Distributions of Permeable Cylinders. In this
subsection the diffusion of a point solute in a random
distribution of obstacles with small volume fraction ¢ is
considered. When the obstacles are infinite circular cyl-
inders, the leading-order contribution to the effective dif-
fusion coefficient is calculated.

We consider a homogeneous distribution of well-sepa-
rated obstacles with an arbitrary orientation distribu-
tion. The diffusivity within the obstacles is allowed to
be anisotropic and to vary with position. Denote the ten-
sor diffusion coefficient by D, so that the solute flux den-
sity J is

J =-D.VF (9)
where F is the solute number density. The continuity
equation is

v.(D-VF) =0 (10)

Assume the diffusivity outside the obstacles to be isotro-
pic, so without loss of generality D = 1, where 1 is the
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identity tensor.

Denote by (-) the ensemble average over realizations
of the obstacle distribution. Define the effective diffu-
sivity tensor D, for a uniform averaged concentration gra-
dient (VF) so that

(J) =-Dg(VF) (1)

Define I to be 1 within an obstacle and 0 otherwise. Then
at position r

D, (VF) = (D-VF)
= (VF +I(D - 1)-VF)
= (VF) + ¢((D - 1)-VF), 12)

where (.); is an average over realizations for which r lies
inside an obstacle. If the internal diffusivity is uniform
and isotropic, i.e. D = d1 within the obstacles for some
positive d, then

D, (VF) = (VF) + c(d - 1)(VF), (13)

Now restrict attention to circular cylinders. The leading-
order contribution to D, is obtained from the solution
F, for diffusion past an isolated cylinder where VF,, tends
to a uniform value G, far from the cylinder. This gives

(1 mm) |Gy (o <00

) [ 1+ %(%)2(1 - mm)]-Go (0> py)
(14)

where m is a unit vector parallel to the cylinder axis, p
is the distance from the axis, and p, is the radius of the
cylinder. Setting G, equal to (VF) and p, equal to r and
substituting into (13) gives

D, =1+c(d-1)(d+ 1)}((d-1)(mm) + 21) + O(c®) (15)

as ¢ — 0, where the average (mm) is over cylinder ori-
entations. If, instead of the system being homogeneous,
(VF) and ¢ vary on a length scale L much larger than
the radius of the cylinders

(J) =-D(VF)(1 + O(crL™) (16)

as ¢,rL™t — 0. If the system is homogeneous, but the
cylinders have finite length [ much larger than their radius,
eq 16 applies with L = 1.

In section 3.2 we consider assemblages with imperme-
able side rods, so that d = 0 and

D,=1-c¢(21 - (mm))+ 0(cd) 17

as ¢ — 0. In an isotropic distribution of impermeable
cylinders, (mm) is isotropic with a trace of 1, so (mm)
= (1/3)1. Thus

D, = (1-(5/3)c + O(c)1 (18)

as ¢ — 0. In the Appendix we give other special cases of
(15) together with the c¢2 term when the cylinders are
aligned.®

3.2. Distributions of Assemblages. The effective
diffusion coefficient for a point solute in a homoge-
neous, isotropic distribution of assemblages with small
volume fraction is calculated. The volume fraction within
the assemblages occupied by side rods is also assumed
to be small. The ensemble average over realizations of
the distribution is performed in two stages: first, for each
realization of the cores of the assemblages, we average
over all positions and orientations of side rods, and sec-

v, [mm +
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ond, we average over realizations of the cores. The effec-
tive diffusivity is derived from an equation of the form
of (12), with ¢ replaced by the volume fraction ¢ of assem-
blages and with (-); replaced by an average over realiza-
tions in which the position r lies inside an assemblage,
i.e. within a distance ! of its core.

For a quantity a(p) varying with the distance p from
the core of an assemblage, denote the spatial average over
the interior by

a= 21"2J;Za(p)p do (19)

Then the volume fraction of an assemblage occupied by
side rods is ¢ = nr2 I"%. From (17), the first stage of aver-
aging gives an effective diffusion coefficient

D(p) = 1+ ¢E(p) + O(c?) (20)

as ¢ — 0, where
E(p) = - 321 - (mm)g] (21)

in which (-)g is an average over realizations of the side
rods for a fixed position and orientation of the core. Note
that ¢ is not small in a region near the core where p is of
order nr?. Within the assemblage, (VF)g, ¢, and (mm)g
vary on the length scale p. The resulting small correc-
tions are estimated in (23) below.

Since ¢ is small, {F)g is only slightly perturbed by the
assemblage, that is

(VF)g = (VF) + 0(¢,6%%) (22)
as ¢,¢lp™! — 0. The average replacing (-); in (12) is
((D-1)-VF); = &E)(VF)(1 + 0,1 (23)

as ¢,¢,rl"t — 0. The first two error terms come from the
O(@) error in (22) and from interactions between differ-
ent assemblages. The other error term is obtained by
putting L = p in (16) to allow for the inhomogeneity of
the assemblages on the length scale p. The relative error
due to the core region is O(c?).

The average (E); is evaluated as follows. Since the
distribution of assemblages is homogeneous, the average
{+)1 is equivalent to an average over orientations of the
core for fixed p, followed by the spatial average defined
by (19). Since the orientation distribution of the core is
isotropic, the first average replaces (mm)g in (21) by
(1/3)1. The spatial average gives

(E)p=-(5/3)1 (24)

Note that (E); does not depend on the form of the spa-
tial variation of ¢ and (mm)g. From (12) and (23), the
effective diffusion coefficient for the distribution of assem-
blages is

D, = (1-(5/3)¢¢ + ¢cO(s,e,ri ™)1 (25)

as ¢,¢,rl"t — 0. Comparing with (18), since ¢¢ is the total
volume fraction of side rods in the distribution, to first
order in ¢¢ the effective diffusivity is the same as if the
side rods were homogeneously and isotropically distrib-
uted.

3.3. Spherical Solute of Nonzero Radius. The effec-
tive diffusion coefficient (18), for a point solute in a ran-
dom isotropic distribution of impermeable cylinders with
small volume fraction, can also be applied to the diffu-
sion of a spherical solute of nonzero radius in both dis-
tributions of cylinders and assemblages.

Consider a spherical solute of radius & in a distribu-
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tion of cylinders of length ! and radius r with volume
fraction ¢. Under the following conditions, the leading-
order effect on the diffusivity is the same as for a point
solute in a distribution of cylinders of length [ and radius
R with volume fraction ¢’ = &%~ 2%c. The conditions are
that r « R, so that hydrodynamic effects are negligible
and that R <« [, so that the length of the cylinders is still
much greater than their radius. From (18) we find

D, = (1-(5/3)¢' + c’O(c",RI™rRH)N (26)

as ¢/, RI™,r#"t — 0. The empirical theory of Ogston et
al.'? for the diffusion of a ball in a random distribution
of cylinders gives, in our notation, D, = exp{-c’/41. This
does not agree with (26) when ¢’ is small; further, it should
be noted that the theory does not have the correct asymp-
totic behavior in any limit.

Similarly, under the following conditions, the leading-
order effect on the diffusion coefficient of a spherical sol-
ute of radius R in a distribution of assemblages with vol-
ume fraction ¢ is the same as for a point solute in a dis-
tribution of impermeable cylinders of radius ! with volume
fraction ¢. The conditions are that & « [, so that the
solute is much smaller than the assemblage radius and
that & » (I/n)"/% i.e., the solute radius is much larger
than the typical spacing of side-rod ends, so that the sol-
ute cannot penetrate the assemblage. Then

D, = (1-(5/3)¢ + ¢0(e, IR, RU/n))L  (27)
as ¢,lR L R(/n)?— 0.

Substituting ¢’ = R4 2¢¢ in (26) gives the effective
diffusivity in a homogeneous, isotropic distribution of side
rods with volume fraction ¢¢. The conditions required
for (26) and (27) are that

(/) « R < min((I/ng)"%]) (28)

The decrease in diffusivity in (26) is much larger than
in (27), so the diffusivity of a solute whose radius satis-
fies {28) is larger in the distribution of assemblages than
in the distribution of side rods with the same overall vol-
ume fraction.

4. Flow Permeability

4.1. Impermeable Fixed Cylinders. We calculate
the averaged flow permeability of a random distribution
of fixed, impermeable circular cylinders with small vol-
ume fraction and arbitrary orientation distribution. Both
infinite and finite cylinders are considered.

To average the governing equation for flow, it is con-
venient to extend the definitions of the fluid velocity u
and pressure p to cover all space (though we do not attach
any physical significance to u and p within the cylin-
ders). For any realization of the cylinder distribution,
define u(r) = 0 and p(r) = (p(r)}, within the cylinders,
where (), is the ensemble average over realizations in
which r is not inside a cylinder. To cancel the resulting
singular parts of V2u and Vp, we also introduce a force
density, f (a generalized function), singular at the cylin-
der surfaces and zero elsewhere. Then for any realiza-
tion

0=-VYp+uViu+ (IV(p)+1) (29)

where I = 1 within a cylinder and 0 otherwise. Since
within a cylinder Vp = V{p), = V{(p), the terms con-
taining p cancel there, as required.

Consider a spatially homogeneous system, where (u)
and V(p) are uniform. In the ensemble average of (29),
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V2(u) = 0 and, since the average of I is c, IV{p)) =
cV{(p). As (29) is linear, (f) depends linearly on (u), so
we can define the resistance tensor K so that

(£) = (1 -c)V(p) =-K«(u) (30)

When the cylinder orientation distribution is isotropic,
K = ayl, where o, ! is the flow permeability or Darcy
constant.

Define the subset S of realizations that include a test
cylinder with some specified position and orientation, and
denote the ensemble average over S by (-)g. The aver-
aged force density (f) is obtained by calculating the aver-
aged force per unit length exerted by the test cylinder.
The singular force at the surface of the cylinder cancels
the singular parts of V(p)s and V*(u)g. However, for r
on the surface of the cylinder, the singular parts of
V{p)s at r and -r cancel. Therefore the contribution
from the discontinuity of V{p)g at the surface inte-
grates to zero, and we need consider only the velocity
gradients at the surface. The ensemble average over S
of (29) is

0=-V(p)s+uViu)s+ (D)sV(p) + (f)g) (31)

where far from the test cylinder (f)g— -K-(u) and (I)g4

> C.

Let a be the size of a typical element of K. Below we
solve (31) at leading order for ar?u™! « 1 and derive an
implicit equation for « from (30). The value thus deter-
mined does satisfy ar®u™! « 1, so the solution is self-
consistent. The condmon ar’u~! « 1 means that the length
scale on which the resistance term in (31) is important
is much larger than the cylinder radius r. Thus the prob-
lem can be solved by usmg matched asymptotic expan-
smns with an outer region with the resistance length scale
(#/@)'/? and an inner region with length scale . In the
inner region the terms in parentheses in (31) are small
and do not affect the leading-order solution. Matching
to the outer region using an intermediate variable shows
that to obtain the leading-order velocity gradients at the
surface of the test cylinder we can replace the bracketed
terms by —a(u)g. Therefore consider

0=-V(p)g+uVi(u)g- a(u)g (32)

with (u)g = 0 at the test cylinder surface and (u)g —
u,_ far away, for some uniform u,. This is the Debye—
Brinkman equation, which has been applied'® to the flow
permeability of isotropic distributions of cylinders.

Since (32) is linear, its solution can be decomposed into
two parts: (i) for parallel flow with u — u, far from the
cylinder and (ii) for perpendicular flow with u — u .
For parallel flow, to leading order the force exerted by
the test cylinder per unit length is

P~ (33)
In (@r<p™)

as ar’u™! — 0. For perpendicular flow it is
8muu

~ o —— (34)

L In (e

as ar’u™l — 0. Averaging over orientations of the test
cylinder

K-(u) = ~(f) ~ %6(21 - (mm))-(uy  (35)
iy

Flow and Diffusion through Random Suspensions of Rods 1721

as ar?y™! — 0, where

= 4m (36)
In (ar¥y™)
and (mm) is an average over cylinder orientations. From
(35), since « is the size of a typical element of K, we can
choose @ = ¢8r 2. Then (36) is an implicit equation for
3, whose solution gives

K= - <mm>)[1+o(h‘h‘° )] (37)

r“ln

as ¢ — 0. This is consistent with the condition that ar?u™
<« 1, used above.

For an isotropic distribution of cylinders, K = a,1, where

-1
oy = —20mC_ 20uc [1 + O(In ln_c; )] (38)

3r¥lnc! Inc

as ¢ — 0. This agrees at leading order with earlier deri-
vations using rod-in-cell models,>* the Debye-Brink-
man equation’® and averaged equations.’® When the cyl-
inders are parallel, (37) agrees with earlier results.”%3

As in section 3.1, the assumption of homogeneity can
be relaxed. The length scale on which resistance becomes
important is (¢! In ¢1)'/2, which is much larger than
the radius of the cylinders. The effective resistance coef-
ficient (37) applies, with the same relative error, pro-
vided ¢, (mm), (u), and (Vp) do not vary on a scale
much smaller than the resistance length scale. Equa-
tion 37 also applies for cylinders of finite length ! unless
I« r(ctInc)Y/2, Apart from a logarithmic factor, this
condition means [/ is much smaller than the typical spac-
ing of cylinders, and the cylinders behave as isolated obsta-
cles. Using the drag on a finite slender cylinder at zero
Reynolds number,'* a calculation similar to that of

Howells” shows that the flow resistance for [ <« r(¢™! In
c-1)1/2 is

K = —2 (91 - (mm))[1 + O(n (X)) (39)
rln (Ir'h)

as ¢,rI”l — 0. When ¢ is comparable with 722 In ¢!,
this agrees with (37) at leading order. In this case the
resistance length scale is (¢! In (Ir'!))'/2. Equation 39
applies when averaged quantities vary with position pro-
vided the length scale of the variation is not much smaller
than the resistance length scale.

4.2. Fixed Assemblages. In this subsection we cal-
culate the averaged flow permeability of a homoge-
neous, isotropic distribution of fixed assemblages with
small volume fraction ¢. The side rods are assumed to
be fixed and to occupy a small volume fraction within
the assemblages. As in section 3.2, we average over real-
izations of the side rods and then over realizations of the
cores. Denote by S the set of realizations that include a
test assemblage whose core has a specified position and
orientation. The averaged flow within the test assem-
blage is governed by

0=-V(p)s+uviu)s - K-(u)g (40)

where K is given by (37) or (39) as appropriate. Note
that the (I)gV(p) term in (31) is of higher order than
the error term in (37) for small ¢.

As in section 4.1, we calculate the averaged force exerted
by the test assemblage. Now, however, there is a finite
resistance within the assemblage, and the average of
-K.(u) within the assemblage replaces the singular force
at the surface of the impermeable test cylinder. (Note
that the result for the impermeable cylinders could alter-
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natively be obtained from the limit in which uniform inter-
nal resistance tends to infinity, though the direct approach
of section 4.1 is more straightforward.)

Define the parameter R by nondimensionalizing a typ-
ical value of the resistance within an assemblage with
respect to the assemblage radius I. Thus

I’ n
P =3 = for nl « In¢™
R = rlZ; r n (Ir 1)

fornl > Ine’!

1 1

rPlne! Ing

The latter case is appropriate when the length of the
cylinder is much greater than the resistance length scale,
and the former case when it is much smaller, so that the
cylinders appear as isolated obstacles. To leading order
in & « 1 the two agree for intermediate values of {.

The averaged flow permeability for the distribution of
assemblages is obtained in several cases. If
R« (In¢p™M?! (42)

the resistance within the assemblage is so weak that the
flow is only perturbed slightly. Then

10ﬂ¢< ¢ >_ 10u¢c
~ = 43
T 2 \m /. 32 1n (Y 43)

as ¢,6,R In ¢t — 0. This is the same flow resistance as
for a homogeneous, isotropic distribution of side rods with
volume fraction ¢¢. For the stronger resistance

n¢eH'«wR«1 (44)
we obtain

= us_ [1+O(Rl Iy ——1“1“"’-1)] 15
= p s ®in gt BN | a5

as ¢ — 0. Comparing with (38), at leading order the assem-
blages behave like impermeable cylinders of radius /. The
first error term gives the correction due to the finite inter-
nal resistance.

If R > 1, the assemblages also appear impermeable to
leading order. The flow drops to zero across a thin layer
within the outer boundary of the assemblage. The solu-
tion for this layer gives the first correction to the value
for impermeable cylinders. There are two cases, accord-
ing to the form of the side-rod orientation distribution.
First, if the cylinders are constrained to lie perpendicu-
lar to the core, K tends to a nonzero value as the radial
coordinate p — . Then

oy = kb _ [ 1- (2R)[In ¢ +

T 32Ingt
==1
Inln ¢! Inln¢
O( In¢? "RV2In¢ ! Inc! (“46)

as ¢,6,R™t — 0. If the orientation distribution is contin-
uous at :m = 0, as p — | the elements of K tend to zero
like (1 - pI™)*2. Then

_ _20u¢ [1 k [ln(e‘lRl/s)]2/5+
" 3%In¢tl  Inell PRInc!

1 Inlne¢? [In(c'RY9) T
0(1n1n¢ , [“(C ) ] )
Ing¢? 'In ¢ lnée'l Rlne?

as ¢,6,R™' — 0, where k and P are defined as follows. In

Qg

Macromolecules, Vol. 23, No. 6, 1990

the notation of section 2, P = q(m) for &m = 0; i.e., Pis
the orientation probability density function evaluated when
m is perpendicular to the core. The constant k can be
expressed as —y(0)/y’(0), where y(x) satisfies vy’ = x/2y,
with y — 0 as x — «. Numerical integration gives & =
1.240...

The effect of aggregation is evaluated by comparison
with the averaged flow resistance in a homogeneous, iso-
tropic distribution of side rods with volume fraction ¢¢,
for which

10u¢e
_ )3t (rh
%o 20upe
3r?In (¢2)™!

for nig <« In (¢¢)!

(48)
for nl¢ > In (¢¢)!

as ¢¢,ri™t — 0. Comparing (43), (45), and (48), there are
two possibilities. If nl In ¢! « In ¢}, the assemblages
are 8o sparse that the side rods behave as independent
obstacles, and to leading order the flow resistance is the
same whether the rods are aggregated or not. If nlln ¢
> In ¢}, the assemblages appear impermeable to flow at
leading order and give a much smaller flow resistance
than the homogeneous distribution of side rods with the
same volume fraction.

5. Discussion

In this study we calculate averaged transport proper-
ties of random distributions of assemblages of cylinders
with small volume fraction, as a model for dilute solu-
tions of aggregated biopolymers. In the model assem-
blage (Figure 2), the side rods, cylinders of length [, are
attached to a straight line at random points with uni-
form number density n. In section 2 the effect on the
orientation distribution of the side rods due to steric inter-
actions is considered for cylinders of arbitrary convex cross
section. Averaged solute diffusivity and flow permeabil-
ity are calculated in sections 3 and 4 for circular cylin-
ders of radius r. Both the volume fraction ¢ occupied by
side rods within each assemblage and the volume frac-
tion ¢ occupied by assemblages are assumed small through-
out.

We do not consider the nonlinear interaction between
flow and diffusion studied by Koch and Brady,!° since
in biopolymer solutions it is significant only at very low
polymer concentrations. For example, in a chondroitin
sulfate solution with a flow rate of 10™® ms™, the inter-
action would be significant at polymer concentrations below
about 10 mg mL™, whereas typical experimental con-
centrations are 103 times bigger.!®

For diffusion and flow, the effect of aggregation is inves-
tigated by comparing a distribution of assemblages and
a homogeneous distribution of side rods occupying the
same overall volume fraction. The present theory assumes
the volume fraction of assemblages is small; note that at
concentrations where assemblages overlap strongly, the
distribution of side rods is nearly homogeneous and aggre-
gation will have little effect. We apply our results to dilute
proteoglycan (PG) solutions, comparing (i) a solution of
PG monomers and a solution of GAGs and (ii) a solution
of PG aggregates and a solution of PG monomers. In
the first case, the assemblage represents a PG monomer
and in the second a PG aggregate. Note that there is no
contribution at leading order from the core protein in
the first case or the hyaluronate in the second. Table I
gives the physical parameters for the two stages of aggre-
gation, including the (molar) polymer concentration
(C,) at which the overall side-rod volume fraction is equal
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Table I
Physical Parameters for the Two Stages of Aggregation of
Proteoglycans®
first stage: second stage:
GAG — PG PG monomer —
monomer PG aggregate
n, nm™! 0.5 0.05
r, nm 0.5 40
[, nm 40 300
¢ 3%x10°8 0.27
5 4.0 2.2
R 3.0 11.5
(Cp), mg mL™! 2.3 0.6

¢ We give the number density of attachment points n, the side-
rod radius r, and length [, the volume fraction ¢ of an isolated assem-
blage occupied by side rods, the parameter  for side-rod steric inter-
actions (eq 7), the dimensionless flow resistance R (eq 41), and the
polymer concentration (C,) at which the overall side-rod volume
fraction is equal to &. The parameters for the first stage are based
on data for chondroitin sulfate side chains.

Table I1
Parameters for the First Stage of Aggregation at Different
Values of the Added Salt Concentration (C,)*

(C)H M A, hm r+ A, nm ¢ & R
(no charge) 0.5 3x10% 4.0 3
1 0.3 0.8 8% 1078 5.2 4
0.1 1.0 1.5 3x 1072 6.8 6
0.01 3.0 3.5 2% 107! 12
0.001 10 10.5 “>1"

@ We give the Debye length (or double-layer thickness) A (eq 49),
an increased GAG radius r + A, the mean volume fraction & occu-
pied by GAGs and their ionic atmospheres within an assemblage,
and é and R based on r + A.

to ¢; for much smaller concentrations ¢ is small, and for
much larger concentrations the assemblages overlap
strongly. Note that (C.) is much smaller for a solution
of PG aggregates than For one of PG monomers.

Since the GAGs are highly charged, they are sur-
rounded by ionic double layers whose length scale is the
Debye length A. If the polymer solution is in equilib-
rium with a univalent salt solution with molar concen-

tration (C,), this is
kT YN
={— 49
(10362NA(C8) ( )

where e is the permittivity of the solvent, kT is the Boltz-
mann temperature, e is the electronic charge, and N, is
Avogadro’s number. As the values of A\ given in Table
II show, electrostatic effects are important on the scale
of the GAGs but not on the scale of PG monomers. The
presence of charge causes repulsive forces between GAGs
and increases the resistance to flow but can either increase
or decrease the diffusivity of a charged solute.'® A crude
idea of electrostatic effects on side-rod interactions and
flow permeability can be obtained by increasing the cyl-
inder radius r by A. The dimensionless parameters based
onr + A are given in Table II for various salt concentra-
tions.

The strength of steric interactions between side chains
is determined by the size of the parameter 5 defined by
(7). Since this is greater than unity even in the absence
of charge (Table I), the GAG chains should tend to lie
perpendicular to the core, and this tendency should be
strengthened by electrostatic repulsion.

To first order in the small volume fraction the point-
solute diffusivity, derived in section 3, is unaffected by
aggregation provided ¢ <« 1. As Table I shows, this is a
good approximation for PG monomers, but not so good
for PG aggregates.
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For a spherical solute whose radius R satisfies (28),
section 3.3 predicts a larger effective diffusivity in the
aggregated distribution. For the comparison between
GAGs and PG monomers, this requires & to be well within
the interval between 9 nm and min(9¢7'/2,40) nm, and
for the comparison between PG monomers and PG aggre-
gates, well within the interval between 80 nm and
min(80¢71/2,300) nm. Note that the empirical theory of
Ogston et al.!? for the diffusion of a spherical solute in a
distribution of cylinders does not have the correct behav-
ior in the limit when the effect of the cylinders is small.

In section 4, flow permeability is calculated for a dis-
tribution of fixed assemblages. The comparison with a
homogeneous distribution of side rods depends on the
size of the dimensionless flow resistance R defined by
(41). If R In ¢ « 1, the side rods appear isolated at
leading order and the averaged flow permeability is unaf-
fected by aggregation. If R In ¢~ > 1 the assemblages
are impermeable at leading order and the averaged flow
permeability is increased by aggregation. For both PG
aggregates and PG monomers, R is greater than unity
(Table I), so in sufficiently dilute solutions aggregation
should decrease the flow resistance.

Although these conclusions are based on an idealized
model, they are expected to remain broadly unchanged
under more general conditions. For example, although
the diffusion and flow calculations are for circular cylin-
ders, when the side rods have arbitrary convex cross sec-
tion similar scalings are expected, with r replaced by an
effective radius r = s/2x, where s is the perimeter of the
cross section. For small-ion diffusion, though the results
of section 3 no longer apply if the side rods are charged,
the diffusivity will be unaffected by aggregation pro-
vided the volume fraction occupied by side rods and dou-
ble layers within the assemblage is small (see Table II).
In PG solutions, aggregation is expected to reduce the
flow resistance since the assemblages are nearly imper-
meable to flow. If the volume fraction ¢ is not small,
further reducing the internal flow, the same conclusion
will apply. One refinement would be to allow the com-
ponents of the assemblage to be flexible.!”8
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Appendix: Effective Diffusion Coefficient in a
Distribution of Cylinders

Equation 15 gives the effective diffusivity, as far as
the ¢ term, in a distribution of circular cylinders with
small volume fraction ¢, with an arbitrary orientation dis-
tribution and arbitrary uniform internal diffusivity d. The
results for impermeable cylinders are (17) (arbitrary ori-
entation distribution) and (18) (isotropic orientation dis-
tributions). This Appendlx gives other special cases of
(15) together with the c? term for aligned cylinders.®

For an isotropic orientation distribution, (mm) is iso-
tropic with a trace of 1, so (mm) = (1/3)1. Therefore

d-1)(d+5)
p. (1443
¢ 3d+1)
as ¢ — 0, in agreement with Koch and Brady’s'® equa-
tion (11).
When the cylinder axes are parallel to a unit vector
m,, (mm) = mym, The effective diffusivity D, depends

+ O(cz))l (A1)
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on two parameters; one for parallel diffusion
D,=1+(d-1)c (A2)

which is exact for all ¢, and another for transverse diffu-

sion

2(d-1)

(d+1)

as ¢ — 0. These equations agree with earlier results.®°

The ¢? correction depends on the solution for diffu-
sion past two cylinders, which is not known for arbitrary
orientation distributions. For parallel cylinders, how-
ever, Peterson and Hermans® give the ¢ contribution to
D, (cf. Howells'? calculation of the flow permeability in
a distribution of parallel cylinders). Putting b = (1 -
d)/(1 + d), this gives

D, =1-2bc + 2(b*

as ¢ — 0, where

1 p;w, n sinh? ¢
Aw)=§j;MM1%[—1+4§: ]dg (A5)

"1 e bl

D, =1+

¢+ 0(ch (A3)

-8bA(b))ct+ O(c®)  (A4)

For impermeable cylinders, when b = 1, numerical inte-
gration of A(b) to four significant figures gives

D, =1-2c+1.255¢* + O(c?) (A6)

as ¢ — 0. Numerical values for other cases are given by
Peterson and Hermans.?
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ABSTRACT: The monomer self-diffusion coefficient of polystyrene in 6 and non-© solutions is deter-
mined as a function of concentration. Also the concentration dependence of the segmental self-diffusion
coefficient (which includes hydrodynamic screening effects) is measured for polystyrenes in non-6 solu-
tions. These two quantities are shown to be distinct. The self-diffusion coefficients of polystyrenes in
semidilute non-0O solutions have been corrected by using both the monomer and the segmental self-diffu-
sion coefficients, and these corrected data have been compared with the scaling laws and with the theory
of Hess. This theory, which applies to non-0 solutions with concentrations less than the crossover concen-
tration, is shown to be in agreement with the data for concentrations close to the overlap concentration, for
larger concentrations the data decreases faster than theory would allow.

Introduction

The dynamical behavior of polymer chains at concen-
trations close to and above the coil overlap concentra-
tion, c*, has excited considerable interest. Theories have
been developed to describe the behavior, and various exper-
imental procedures have been applied to measure the
dynamical parameters. The self-diffusion coefficient,
D, has proved to be a particularly useful dynamical prop-
erty for investigating the motion of a single chain among
others in semidilute solutions.

Major theoretical developments were engendered by
the scaling and reptation models proposed by de
Gennes'? based on the concept of the “effective tube”
originally introduced by Edwards.® Theories based on

0024-9297/90/2223-1724%02.50/0

these models assume that in semidilute solutions the
impediment to motion of a smgle chain is caused by chain
entanglements; no account is taken of any increase in
monomer friction coefficient as the polymer concentra-
tion increases. These theories predict the simple scaling
laws

D, ~ M%™  for non-0 solutions

D, ~ M%3
where M is the polymer molar mass and ¢ the polymer
concentration.

The scaling theory for non-6 solutions has been extended

to include the concept of the concentration crossover. This
modification accounts for the behavior of real non-8 solu-

for © solutions
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